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Introduction
A complex projective three-dimensional nonsingular variety X is a prime Fano threefold if it has second Betti number B 2 = 1 and Pic(X) is generated by −K X . The (even) integer (−K X ) 3 is called the degree of X and
is the genus of X. It is well known that prime Fano threefolds of genus g exist only for 2 ≤ g ≤ 10 or g = 12. Some of these threefolds have generically noninjective period mapping or even trivial intermediate jacobian despite the fact that they have non-trivial moduli. This is illustrated in [20] for the case g = 12 and in [12] for g = 8.
On the other hand a general prime Fano threefold X of any genus has a Fano scheme of lines which is a nonsingular curve Γ whose genus is known ([14] Theorem 4.2.7). Mukai has shown (see loc. cit. and references therein) that for g = 12 a general X can be reconstructed from the pair (Γ, θ), where Γ is the Fano curve (which has genus 3, being a plane quartic) and θ is a naturally defined even theta-characteristic on Γ. This is a modified version of the Torelli theorem where the intermediate jacobian is replaced by (Γ, θ).
It is natural to ask to which extent this result can be extended to other values of g, in the hope to have a good replacement of the intermediate jacobians by the jacobians of the Fano curves plus additional data, at least for Torelli-type purposes. This investigation seems to be still lacking in general.
In the present paper we study the genus g = 8 case. In this case the curve Γ of lines contained in a general prime Fano threefold X ⊂ IP 9 has genus 26. The reach geometry of such threefolds, investigated in [5] , [13] , [24] , [10] , [11] , [19] , [15] and [12] , reflects into the geometry of Γ, which has a naturally defined even theta-characteristic L which embeds it in IP 5 . We prove the following result (Theorem 4.3) analogous to the one proved by Mukai in the g = 12 case: In outline our proof goes as follows. Every Fano threefold X of genus 8 can be realized as a linear section of the grassmannian of lines of IP 5 , in its Plücker embedding in IP 14 , with a IP 9 . As such, X parametrizes a three-dimensional family of lines of IP 5 whose union is a quartic hypersurface W , called the Palatini quartic of X. This quartic has a singular curve Γ(W ) which turns out to be isomorphic to Γ, the curve of lines of X. This gives the natural embedding of Γ in IP 5 . Our strategy consists in proving the theorem in two steps: we prove first that Γ(W ) ⊂ IP 5 uniquely determines W , and then we show that there is only one Fano threefold of genus 8 in IP 9 whose associated Palatini quartic is W . For the first step we start by representing W as the degeneracy locus of a map φ of rank-five vector bundles, and Γ(W ) as the scheme D 3 (φ) where its rank drops twice. From this representation we are able to construct a locally free resolution of the ideal sheaf I := I Γ(W ) ⊂ Ø I P 5 by means of the GulliksenNegard complex (see [9] and [28] ). This resolution allows us to compute the dimensions of all the homogeneous pieces of the ideal of Γ(W ). In particular we discover that H 0 (I(3)) has dimension six, and that it is generated by the partial derivatives of (an equation of) W . Then we are reduced to reconstructing W from its jacobian ideal. We are able to do it in a special degenerate example and then we introduce some deformation theory which does it generically. In the Appendix we prove the same result, using another approach. Namely, we show that if a Palatini quartic W has linearly independent second partial derivatives (i.e. if it is not apolar to any quadric) then it can be reconstructed from Γ(W ). Since the linear independence of second partials is an open property, it suffices to find one such W . Then we reproduce the script of a Macaulay2 program which determines a Palatini quartic with random coefficients having linearly independent second partials. The second step is obtained by studying the Fano scheme F (W ) of lines on W . One of its irreducible components is X itself but, being of degree 736 when Plücker embedded, it might a priori contain other similar components. We exclude this possibility by explicitly describing the 24 lines of W passing through a general point p ∈ W and showing that only one of them can belong to a Fano threefold of genus 8 defining W . An ingredient of our analysis is the dual cubic threefold Y of X, whose properties and relation with X are well known.
The paper consists of four sections and of an Appendix. In §1 we study the locally free resolution of the singular curve of a Palatini quartic. In §2 we show that a certain degenerate Palatini quartic can be reconstructed from the vector space generated by its partial derivatives. From this fact, by studying the deformation theory of Palatini quartics, we prove that a general W can be reconstructed from Γ(W ). In §3 we study the lines contained in the Palatini quartic and we prove the uniqueness of X, given W . We also give a complete description of all the irreducible components of F (W ). In the final §4 we put together all the above to conclude. reproduced in our Appendix. We also thank E. Mezzetti, M.L. Fania, D. Faenzi and E. Arrondo for valuable bibliographical references. We thank the referee for remarks which contributed to improve the paper.
1 The geometry of Γ Let V be a 6-dimensional complex vector space. Consider a general Fano 3-fold of genus 8 and index 1
complete intersection of the grassmannian of lines of IP (V ), Plücker-embedded in IP (∧ 2 V ), with a general IP 9 . We know (see [14] and [17] ) that X has degree 14 and sectional genus 8. We also know that the Hilbert scheme of lines on X is a nonsingular irreducible curve Γ ⊂ G(2, ∧ 2 V ) and that
The union of the lines contained in X is a ruled surface
is a quartic hypersurface called the Palatini quartic of X (see [11] and [12] ). It has a singular curve Γ(W ) which turns out to be isomorphic to Γ. It is known that Γ(W ) has degree 25 and that Ø Γ(W ) (1) is a theta-characteristic, i.e. ω Γ ∼ = Ø Γ (2) (cf. e.g. [1] , p. 177, or [15] , Remark 2.13). These facts can be proved as follows. X is the intersection of G(2, V ) with a codimension-five linear subspace, which is defined by a 5-dimensional subspace
). This subspace defines a map of rank-5 vector bundles on IP (V ):
As usual we will denote by
Let's compute the classes of W and Γ(W ) using Porteous formula.
Using the Euler sequence we obtain:
and therefore h 1 (I(2)) ≤ 5. But, on the other hand
Therefore h 1 (I(2)) = 5. 2 Corollary 1.3 The vector space
has dimension 6 and coincides with the jacobian space of W :
generated by the partial derivatives of W with respect to any system of homogeneous coordinated X 0 , . . . , X 5 in IP (V ).
Proof. By Proposition 1.2 we have
Since W is singular along Γ(W ), it follows that I 3 contains the space generated by the six partial derivatives of an equation of W . Since W is not a cone it follows that the six partial derivatives of W are linearly independent. 
defines a rational map
whose image is the locally closed subset U ⊂ IP (S 4 V ∨ ) parametrizing Palatini quartics. It follows that U is irreducible of dimension ≤ 50.
Consider a Palatini quartic W ⊂ IP (V ). From Proposition 1.2 we deduce that
Observe that we have an exact sequence:
where
is the equisingular normal sheaf ( [25] , Proposition 1.1.9). From (6) we obtain:
Therefore from local deformation theory we deduce that the locally trivial deformations of W are unobstructed and of dimension 50 ( [25] , Example 4.7.1(i)).
Lemma 2.1 Assume that
is a homomorphism defining a Palatini quartic W ⊂ IP (V ). Then
is injective and
and U, with its reduced scheme structure, is irreducible and nonsingular of dimension 50.
Proof. We have:
and dw φ is induced by the composition:
where the first map comes from the last map to the right in the resolution (2) twisted by Ø(4). Therefore Im(dw φ ) ⊂ H 0 (N ′ W ) and to prove equality it suffices to show that
is surjective. Decompose the resolution (2) into short exact sequences as in the proof of Proposition 1.2 and twist everything by Ø(4). We obtain the exact sequences:
From (7) we see that it suffices to show that
From (9) and Bott's Theorem we obtain H i (K 2 (4)) = 0 for i = 0, 1, 2. From (8) we deduce:
so that we are reduced to show that:
We consider the diagram (4) twisted by Ø(4):
is surjective. Since, again by Bott's Theorem:
we obtain
Finally, from the column of (11) we obtain (10) and the proof of Im(
What this says is that U is supported, locally at each W , on the locus of locally trivial deformations of U, which is nonsingular of dimension 50, as observed above.
2
The rules:
define rational maps which fit into a commutative diagram:
t t t t t t t t t t t H
where H is an open subscheme of Hilb
25t−25 containing the points parametrizing the curves Sing(W ). It is easy to compute that dim(H) ≥ 100 (see Remark 4.2) . This means that the points parametrizing the curves Sing(W ), as W ∈ U, fill a locally closed subscheme of codimension ≥ 50 in Hilb I P (V ) 25t−25 . The singular curve Γ(W ) = Sing(W ) of a Palatini quartic W is 3-normal and satisfies h 0 (I(3)) = 6 (Proposition 1.2) and this property is open in H by semicontinuity. Therefore we have a well defined rational map
This map fits into the previous diagram as follows:
where J is the morphism associating to a Palatini quartic its jacobian vector space. The commutativity relation J = i 3 • σ is proved in Corollary 1.3. From the commutative diagram (12) we deduce immediately:
Lemma 2.2 If J is generically injective then σ is generically injective.
We will prove that J is generically injective by a degeneration argument. Observe that J is the restriction to U of a morphism:
is the open subset consisting of the hypersurfaces F whose jacobian vector space has dimension six.
Lemma 2.3 The morphismJ is birational onto its image and has connected fibres.
Proof. Let F, G ∈ V be such thatJF =JG, and let F t = tF + (1 − t)G, t ∈ C. Then for each t ∈ C and j = 0, . . . , 5 we have:
Therefore the jacobian vector space of F t is contained inJF . It follows that there is an open subset ∅ = A ⊂ C such that F t ∈ V andJF t =JF for all t ∈ A. This proves that the fibres ofJ are connected. By [2] , Lemma p. 72, if F, G ∈ V are such thatJF =JG and F is general, then F = G: this implies thatJ is birational onto its image. 2
Note: the proof of connectedness of the fibres is an adaptation of an argument which appears in the proof of Proposition 1.1 of [4] .
Before we state the next proposition, observe that a homomorphism
is defined by assigning five linearly independent elements of
i.e., after choosing a basis of V , by five linearly independent 6×6 skew-symmetric matrices. 
Proposition 2.4 Consider the following linearly independent skew-symmetric matrices:
(ii) The partial derivatives of W M are linearly independent, and W M is the only quartic hypersurface whose partial derivatives generate the space
is defined by the six 5 × 5 minors of the matrix:
and an easy computation shows that the i-th such minor is:
This proves (i).
(ii) The partial derivatives of W M are:
Their independence is obvious. In order to prove the uniqueness of W M it suffices to show that if {F 0 , . . . , F 5 } is a basis of the space ∂WM ∂X0 , . . . ,
∂WM ∂X5
satisfying
then
for some λ = 0. We follow the method introduced in [2] (Lemma p. 72), which consists in writing
and imposing the conditions (13) . This leads to the identity:
is the hessian matrix of W M . Now a direct computation shows that the only 6 × 6 matrices A satisfying (14) are of the form A = λ I 6 for some constant λ = 0.
Observe that W M is not a Palatini quartic, because it is a reducible hypersurface, but it belongs to the closure of U. 
Lines on the Palatini quartic
If Z ⊂ IP n is a hypersurface, the Hilbert scheme of lines contained in Z, which is usually called the Fano scheme of lines on Z, will be denoted by F (Z). 
with a < 0 and b > 0. It follows that ℓ is not free and therefore the union of the lines of T is a surface S contained in Z. But the only surface containing a two-dimensional family of lines is IP 2 , therefore S = IP 2 , and this contradicts the hypothesis. If ℓ ∩ Sing(Z) = ∅ then all the lines of T contain a fixed singular point of Z and, since Z is not a cone, the union of the lines of T must be a surface S contained in Z. We conclude as before.
We keep the notation of §1. In particular,
is a general prime Fano threefold of genus 8, where U ⊂ ∧ 2 V ∨ is a vector subspace of dimension five, and W ⊂ IP (V ) is the Palatini quartic associated to X. Consider the incidence relation
Clearly W is a IP 1 -bundle over X, in particular it is a nonsingular fourfold: in fact W = IP (T ) where T is the restriction to X of the tautological rank-2 vector bundle on G(2, V ). The second projection maps W onto W . Denote by
the morphisms induced by the projections.
Proposition 3.2 (i) The restriction
is an isomorphism. Proof. See [15] , [12] .
is an irreducible Weil divisor which is the union of the one-dimensional family of planes
(iii) Each point p / ∈ Γ(W ) belongs to a unique line ℓ x , for some x ∈ X.
(iv) For each x ∈ X\R X we have
Proof. (i),(ii) and (iii) are an immediate consequence of the proposition. (iv) follows from the fact that ℓ x = p W (p X (x) is a fibre of a fibration, it has trivial normal bundle.
We now introduce the dual cubic threefold of X, which is defined as follows.
, Ω 1 (2)) can be also interpreted as defining a linear map:
which induces a homomorphism:
of free sheaves of rank six on IP (U ) ∼ = IP 4 . Because of the skew-symmetry of the elements of U the degeneracy locus of ζ is a cubic threefold Y ⊂ IP (U ) defined by the pfaffian of ζ, and we have an exact sequence:
where E is a rank-two locally free sheaf on Y . We have morphisms:
where q Y is the natural projection. q W is defined by viewing each fibre E y of E, y ∈ Y , as a 2-vector subspace E ∨ y ⊂ V thus defining a line in IP (V ), called a kernel line, and denoted n y . It can be shown that each kernel line is contained in W .
Proposition 3.4 (i) The restriction
is an isomorphism.
(ii) q
and q W contracts the negative section of q Proof. See [1] , [15] , [12] .
Analogously to the case of W , we have the
Corollary 3.5 (i) q W : IP (E) → W is a small contraction, and
(ii) q W (q −1 Y (R Y )) ⊂ W
is an irreducible Weil divisor which is the union of the one-dimensional family of cones
∈ Γ(W ) belongs to a unique kernel line.
Proof. It is similar to the proof of Corollary 3.
2
It is well known that X and Y are birationally equivalent (see [14] , Theorem 4.6.6 and [27] ). From this fact we can deduce the following:
Proof. Assume that there is a IP 3 , say Λ, contained in W . Then, since the general line ℓ x is not contained in Λ, a general point of Λ is contained in a unique line ℓ x by Corollary 3.3(iii). Therefore we obtain a birational map
We can now prove the following: Proof. F (W ) is the vanishing scheme of a section of S 4 Q, where Q is the universal quotient bundle on G(2, V ). Therefore every component of F (W ) has dimension ≥ 3. Since W is not a cone and does not contain a IP 3 a general hyperplane section H ∩ W is a quartic hypersurface satisfying the hypothesis of Prop. 3.1: therefore its Fano scheme of lines F (H ∩ W ) is purely onedimensional. If F (W ) had a component B of dimension ≥ 4 then B would give rise to a subscheme of F (H ∩ W ) of dimension ≥ dim(B) − 2 ≥ 2 and this is a contradiction. Therefore F (W ) has pure dimension three and, since it is the vanishing scheme of a section of a vector bundle of rank five, equal to its codimension, it follows that it is a local complete intersection. The last assertion is obvious.
Using the previous results we can prove the following:
is a closed embedding which, composed with the embedding
gives the natural inclusion X ⊂ G(2, V ) and identifies X with an irreducible component of F (W ).
(ii) The classifying morphism h : Y / / F (W ) induced by the family
where n embeds every fibre of q Y as the corresponding kernel line, is a closed embedding whose image is an irreducible component of F (W ). The composition
is given by the linear system
Proof. (i) Since we have a commutative diagram:
where ι and j are closed embeddings, it follows that χ is a closed embedding as well. Moreover, by Corollary 3.3(iv) the tangent space T x F (W ) has dimension three at a general point x ∈ X and this proves that X is an irreducible component of F (W ).
(ii) As in the proof of Prop. 3.8 one shows that h is a closed embedding.
is defined by the invertible sheaf
A closer analysis shows that F (W ) contains other irreducible components (see Remark 3.12). The following result will be crucial. Proof. Let p ∈ W be a general point. Then there are at most 4! = 24 distinct lines in W containing p [16] . Therefore it suffices to find at least 24 such lines. There is a unique x ∈ X such that p ∈ ℓ x and a unique y ∈ Y such that p ∈ n y , and ℓ x = n y . By the genericity of p the points x and y are general. Therefore x is contained in 16 distinct nonsingular conics q 1 , . . . , q 16 Clearly ℓ x , λ 1 , . . . , λ 16 are distinct and n y , ν 1 , . . . , ν 6 are distinct. Since ℓ x = n y it remains to be excluded that some λ i is a kernel line and that some ν j is a ℓ x ′ , for some x ′ ∈ X. But either possibility implies that Q i = Q j for some i, j, and this is impossible because the quadrics Q 1 , . . . , Q 16 , Q 1 , . . . , Q 6 are distinct (see [12] , p. 511, for a proof of this fact).
We can now prove the main result of this section. 
where φ :
is the locally closed subscheme of the linear system of quartics in IP (V ) which parametrizes the Palatini quartics, is birational.
we can associate a linear section
This correspondence identifies an open set of G(5, 2 V ∨ ) with the family of prime Fano threefolds of genus 8 contained in G(2, V ). Therefore the corollary follows from Theorem 3.10.
Remarks 3.12 The class of F (W ) in A * (G(2, V )) is easily computed to be ( [6] , Example 14.7.13 p. 275) Proof of the Claim. Since the Fano scheme F 2 (X) of conics on X is irreducible and nonsingular of dimension two ( [14] , §4.2), the quadrics Q 1 , . . . , Q 16 belong to an irreducible two-dimensional family of quadrics, and therefore the lines contained in these quadrics are contained in at most two irreducible components of F (W ). One of them is X, therefore there is only another one, and this is X 
The main theorem
We can summarize all the above in the following:
, the singular curve Γ(W ) ⊂ IP (V ) of its Palatini quartic W , we obtain a generically injective rational map
whose image is a locally closed subset of dimension 50.
Proof. The map γ is the composition
where w and σ are the maps introduced in §2. These maps are both generically injective, by Corollaries 2.5 and 3.11. In case (a) we obtain the identities:
which imply that α ij = α are independent of i, j and
for all i. This implies that the two Palatini quartics W and W ′ are equal because they have the same first polars with respect to every point.
In case (b) we obtain that the 16 tensors
are linearly independent elements of ker(∂), a contradiction. 2 Remark 4.6 The surjectivity of ∂ is equivalent to the property that Cat(W ) = 0, i.e. that W is not a zero of the catalecticant determinant or, equivalently, that it is not apolar to any quadric (see [3] , §2, for details).
Even though we cannot prove that ∂ is surjective, we have experimental confirmation that ∂ is surjective for a general choice of W . In fact, a simple Macaulay2 program [8] produces a Palatini quartic with random coefficients having linearly independent second partial derivatives. We have reproduced the script of the program below, written by G. Ottaviani to which we are thankful. This, together with Lemma 4.5, gives a positive answer to our question for a general Palatini quartic W . S=QQ[a..e,f..k] R=QQ[a..e] m=random(R^{6:1},R^{6:0}); m=m-transpose(m); --we create random skew symmetric matrix m n=sub(m,S); --n is m in the ring S pn=matrix{{generators(pfaffians(6,n))}}; --pn is the cubic pfaffian p=ideal(matrix(pn|matrix{{f,g,h,i,j,k}}*n)); --p contains the pfaffian and the conditions to lie in the kernel ae=sub (ideal(a,b,c,d, 
